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In this paper we develop a uniformly valid, second-order theory for calculating
the unsteady incompressible flow that occurs when an airfoil is subjected to a
convected sinusoidal gust. Explicit formulae for the airfoil response functions
(L.e. fluctuating lift) are given. The theory accounts for the effect of the distortion
of the gust by the steady-state potential flow around the airfoil, and this effect
is found to have an important influence on the response functions. A number of
results relevant to the general theory of the scattering of vorticity waves by solid
objects are also presented.

1. Introduction

The theory of unsteady flows around stationary airfoils has numerous im-
portant technological applications. It is, for example, a fundamental ingredient
in any calculation of the unsteady blade forces that are the source of such a wide
variety of undesirable effects in turbomachinery.

This theory has been developed primarily in the linearized approximation,
wherein the unsteady flow is decoupled from the steady-state aerodynamics
(Kiissner 1940; Sears 1941; and others). In fact, at this level of approximation,
the unsteady lift on an airfoil is the same as that on a flat plate with zero thickness
and angle of attack. Recently, Horlock (1968) has (by means of a heuristic
approach) partially accounted for some of the coupling between the angle of
attack of the airfoil and the unsteady flow. Similar ideas have been used by
Naumann & Yeh (1972) to account for camber. These theories suffer from the
drawback of including some of the coupling effects while not including others.

‘In order to formulate correctly the problem of a non-uniform flow around a
stationary airfoil, it is necessary to consider two small parameters. One of these,
termed ¢, is the amplitude of the unsteady incident disturbance; the other,
termed «, is a measure of the angle of attack, camber or thickness of the airfoil
(i.e. the steady-flow disturbance caused by the airfoil). The linear theory accounts
for the O(e) effects, while the coupling terms are O(ce). We can ensure that all such
terms are accounted for only by developing a systematic expansion. Such an
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approach is taken in this paper. Although this is the first time that this has been
done for the gust problem, several authors, beginning with Van Dyke (1954), have
developed second-order expansions for the problem of an oscillating airfoil in an
irrotational flow.

In order to concentrate on the coupling effect, we suppose that e = o(a).
Physically, this amounts to requiring that the amplitude of the gust be much
smaller than the steady-state disturbance.

One of the new effects that is included in this approach is the distortion of the
oncoming gust by the steady-state potential flow field about the airfoil. This
distortion acts to cause significant variations in the wavelength of the incident
vorticity wave while also causing variations in both the amplitude and phase
of its associated velocity field. The details of this nonlinear dispersion process
will be discussed subsequently, and a number of results relevant to the general
theory of vorticity-wave scattering will be given. Moreover, it will be shown that
this phenomenon has such an important effect on the fluctuating lift that it
introduces a term that exactly cancels those occurring in Horlock’s theory. As
a result, our formula for the fluctuating lift is quite different from the one
obtained by Horlock. In fact, the distortion effect causes the fluctuating lift to
depend on the wavenumber of the gust in the direction perpendicular to the plane
of the airfoil. No previous theory exhibits such a dependence.

In §2 we formulate the general problem of a two-dimengional airfoil in an
incompressible flow subject to a small amplitude gust and integrate the vorticity
equation that governs this process. In §3 the results are restricted to the case
where the steady-flow disturbance caused by the airfoil is small, and a formal
asymptotic expansion of the unsteady solution is constructed. However, this
expansion turns out to be non-uniformly valid at large distances from the airfoil,
and it is necessary to construct an appropriate ‘outer expansion’ for this region.
The matching of these two expansions provides a boundary condition (at infinity)
on the homogeneous solution to the ‘inner’ problem. (The corresponding parti-
cular solution is given in §3.1.) The boundary conditions on the surface of the
body are deduced in appendix C, and in §3.1 we present the homogeneous
solution that satisfies these conditions as well as the one at infinity. We then show
that this solution is non-uniformly valid at the leading and trailing edges and use
the method of strained co-ordinates (Lighthill 1951) to make it uniformly valid
at these points. The physical implications of the solution are discussed in §3.2,
while in §4 we derive a formula for the fluctuating lift on an airfoil of arbitrary
shape and thickness distribution.

In contrast with the case of linearized steady flow (or for that matter the case
of a second-order unsteady flow around an oscillating airfoil), the effects of
thickness, camber and angle of attack cannot simply be superposed, primarily
because the distortion of the gust imparts a nonlinear character to the problem.
However, it is shown in § 4.2 that the results for zero-thickness airfoils are much
simpler than those for airfoils with thickness, and an explicit formula (in terms of
Bessel functions) is obtained for the flat-plate airfoil at an angle of attack to the
mean flow. Finally, the physical implications of the flat-plate solutions are
discussed in §4.3.
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Ficure 1. Gust approaching airfoil.

2. Formulation

Consider a two-dimensional airfoil with chord length ¢ placed in a uniform
stream having mean velocity U at large distances from the airfoil (figure 1). As
in the Sears problem, we suppose that a frozen convected sinusoidal gust whose
amplitude eU is much less than the free-stream velocity U is imposed on the flow
far upstream from the airfoil. We further suppose that the flowis two-dimensional,
incompressible and inviscid and that body forces can be neglected. Then Euler’s
equations become V.V =0 (2.1)

and (0/ot+V.V)V =—-VP, (2.2)

where all lengths have been non-dimensionalized by ¢, the time ¢ by ¢/2U, the
velocity V by U, and the pressure P by pUZ2.
Since the steady flow is assumed to be inviscid and irrotational, the solution
must be of the form V = v(x)+eu(x, 6+ ..., (2.3)
P = py(x)+ep'(x,8)+..., (2.4)
where the steady velocity v(x) satisfies the conditions
V.v=Vxv=0, (2.5)

and u and p’ are of order unity. Taking the curl of (2.2), using (2.1) to introduce a
stream function ¥ for the unsteady velocity, and neglecting terms of order €2
(§1, end of third paragraph) yields

(9/ot+v.V)Q = 0, (2.6)
where Q, which denotes the negative of the vorticity, is given by
Q = V) = Ju, [0, — du,[ox;; (2.7)
¥, which determines the unsteady velocity field, is given by
u = {uy, uy} = {0y /0x,, — 0yr[ox,}; (2.8)

and X = {z,, z,} are Cartesian co-ordinates with z, aligned in the direction of the
upstream mean velocity U.
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Equation (2.6) can readily be solved for Q by introducing the steady-flow
potential and stream function ® and ¥, respectively, to obtain the equation

(0fet+ |v|20/o®) Q = 0, (2.9)
whose general solution is

Q=f(fio (Wll—z-—l)d(b+(b—t,‘l"), (2.10)

where f is an arbitrary function of its arguments. Far upstream (where the
‘scattered’ field produced by the airfoil decays), this solution must approach the
vorticity distribution of the imposed gust, which was required to be periodic in
time. But this can occur only if the function f is chosen such that

Q=g(‘P’)exp{ik1[ffw ('erz—l)dq"f'q’—‘bo—t]}, (2.11)

where k, is the non-dimensional frequency, ®, = lim [®(x,x,) — x;] = constant
Xy 0

(with z, finite) and g is essentially an arbitrary function of ¥'. Since the problem
is linear, we can obtain a solution that corresponds to any choice of the function g
by superposing solutions associated with the individual harmonic components:

g(¥) = —i|k| exp [tky(¥ — Ey)], (2.12)

where £, is the wavenumber of this component and E, is a constant. The nor-
malization —i|k|, where
k= ky+ik,, (2.13)

is chosen simply as a matter of convenience. Then without loss of generality we
can take
o
Q= —i|k|exp (z {kl [f (|—vl|—2— 1)d<D+ D (I)o—t] +k2(‘P‘—E0)}). (2.14)
This equation determines the vorticity field everywhere around the airfoil,
including the region far upstream. ‘
In the purely linear problem (Sears 1941) the vorticity is given by

Q = —i|k|exp{i[ky(x, —t) + ky2,]}. (2.15)

Far upstream from the airfoil, where & — @, ~ x;, |v| ~ 1 and ¥ — E —x, must
behave like In |x| for any lifting airfoil (Milne-Thomson 1962, p. 194), the vorticity
wave (2.14) will not reduce precisely to (2.15) no matter how weak the lift of the
airfoil may be (i.e. no matter how small the coefficient of In |x|).

Since the local wavelength of the vorticity wave (2.14) is precisely 27 |v|/k,
it is clear that this quantity is strongly affected by the steady velocity field and
will not remain constant, as it does for the completely linearized wave (2.15). In
fact, the wavelength will be longer on streamlines that pass over the top of the
airfoil and shorter on those that pass below. Equation (2.14) also shows that the
amplitude of the vorticity wave is conserved.

The remaining boundary conditions are that

uin=0 forxon§ (2.16)
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(where 1 is the unit normal to the surface S of the airfoil) and that the pressure
and normal velocity be continuous across any inviscid vortex wake that forms
downstream of the airfoil. Finally we require that the airfoil have a sharp trailing
edge at which the Kutta condition is always satisfied. Then the problem amounts
to solving the Poisson equation determined by (2.7) and (2.14) subject to these
boundary conditions.

3. Linearized problem

In order to obtain a relatively simple closed-form solution, the analysis is
restricted to the case of a thin airfoil with a small angle of attack and camber.
Thus, let @ denote a small parameter that is characteristic of the steady-flow
disturbance caused by the airfoil. Then the associated velocity field must be of

the form V(x) = 1 +av®(x), (3.1)
where 1 is a unit vector in the 2, direction and v is of order unity.

3.1. Solution

Inner expansion. Instead of working with (2.14) directly, it is more convenient
to return to the unintegrated equations (2.6)—(2.8). The structure of these
equations suggests that we seek solutions of the form

u = exp ( — ik, ¢) [UO(x) + auB(x) +...], (8.2)
p’ = exp (—1k,t) [pO(X) +apP(x) +...], (3.3)
¥ = exp (—ikyt) [ O(X) + oy D(x) + ...]. (3.4)
Then substituting (3.4) into (2.6) and (2.7) and equating like powers of & shows
that (— ik, +8fox,) V2 © = 0 (3.5)
and (—tky +08/ox,) VYD = — v V[VZO], (8.6)

where, of course, both u® and ¥, and u® and y® arerelated by equations of
the type (2.8). .

Equation (3.5) (which corresponds to the usual unsteady, linearized, thin-airfoil
theory of Sears) can be integrated at once to obtain V@ = —3|k|exp (ik.X),
where k denotes the vector {k,, k,} and the normalization has been chosen to be
compatible with (2.15). Substituting this into (3.6) yields

(—1ky+ 0/0x)) ViD= — |k k. vD %, (3.7)

In the remainder of this paper we assume (in order to simplify the equations)
that k, and k, are both positive. No generality is lost by assuming that one of
these, say k,, is always positive; but it is then necessary to consider the case where
k, is negative. The results for this case will simply be stated at the end. Their
derivation, of course, is nearly identical to the one given below.

In order to solve (3.7) it is convenient to introduce the analytic function
{0(z) = vP — ) of the complex variable z together with (2.13) to obtain (since
k.v® = Re (k{M))

02 L
45,272( zk + )¢(1) l ‘(k§(1)+k§(l) exp[%z kz+kz)], (3.8)
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where overbars denote complex conjugates and 6/0z denotes the partial derivative
taken with respect to z while z is held fixed. Since the right side of this equation is
the sum of two terms each of which is the product of a function of z and a function
of z, 1t can be integrated first with respect to z, then with respect to z, and finally
with respect to ; to obtain

P = _l_llc_l[g_j+_§f_ — ¢k TRe (kW(l)(z)] +f(x,) eik1$r+F(z) +@(2), (3.9)

where f(x,) is an arbitrary function of z,; ¥ and G are arbitrary analytic functions
of zand z, respectively; W® = ®® 4 79" ® s the complex potential associated with
¢® in the usual way by

dWO[dz = {®; (3.10)

and Fi(K, X) = + b2 A (z), (3.11)

where Hi(z) = fz LD(2) ethikz gy (3.12)
Fo

are, of course, analytic functions of z. But it follows from the fact that {M(z)
behaves like iI'[z for large z, where I' is a constant, that these functions are
actually multivalued. We therefore choose the branch cut of 2, to lie along the
positive real axis and that of #_ to lie along the negative real axis.

It is now easy to show by differentiating (3.9) that the O(«e) velocity {u{, u$}
can be expressed as the sum

{u®, uP} = Wl +uf, uf +ul} (3.13)
of a homogeneous solution and a particular solution. The homogeneous solution is
= f'() oxp (iky ;) + F(2) + G3), }

ul = — ik, f(x,) exp ik, 2,) +i[F(2) — G(2)],
where the arbitrary function f of x, and the arbitrary analytic functions F and ¢
of z and %, respectively, will subsequently be determined such that u satisfies

the linearized boundary conditions deduced in appendix C. The particular
solution is

uP(2y, %) = — |k|YJ, —J_—ik,e™-*Re ([ WD(2) — W{,]}),}
ul(2y, ) = k| 1(J +J_—k, e *Re {k[WD(z) — W, 1}),

where Ji(k, X) = (k2 e[ A (2) — Dy Ay (2)] (3.16)

and W, is a complex constant that we shall determine subsequently. D, are
constants, and are set equal to

Dy = f il AL (z,) oxp ( + hikary) day / f il__Agﬂ)(xl) exp (T hikey) day, (3.17)

(3.19)

(3.15)

where for any function f(z,, z,) the notation Af(x,) is used to denote the jump in
f across the real axis at the point z;. This choice of D, is made to ensure that
(see figure 2)

AuP(z,) = Aul(z,), AuP(z,) = Aub(z,) for =z, <-—1 (3.18)
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Ficure 2. Airfoil and wake geometry.

(as can be seen by using the fact that AL (z,) = AW®M(x,;) = 0 for the region
x; < —1 ahead of the airfoil and inserting (3.12), (3.16) and (3.17) in (3.13) and
(3.14)), and that

AuP(x,) = iky |[k| 2 exp (iky2,) Re{k AWD(1)} + Aul(x,) } -
Au(ry) = — ik, |k|-1exp (iky2y) Re FAWO()) + Aadd(zy)) 27 (3.10)

(as can be seen by using the preceding equations and the fact that A{®(x,) = 0
and AW®(z,) is constant in the region x, > 1 behind the airfoil).

Outer expansion: boundary conditions at infinity. The solution u® to the com-
pletely linearized problem .certainly remains bounded as z - oo (appendix B).
But we now show that the O(ae) solution u® {given by (3.13)-(3.16)] becomes
infinite there. Hence (3.2)isnon-uniformly valid at infinity, and it is necessary to
construct an ‘outer’ expansion for this region. Before doing this we must prove
that u® becomes infinite asz — 00. To this end, recall that, aslong as the airfoil has
lift, W@(z) ~ :T'In z as z— 0. Therefore u® contains a-term that becomes infinite
like |k|~texp (¢k.xX)Re {ikI'In (z)} as z - co. Inserting the results of appendix A
into (3.16) shows that Jy are O(z~!) as z > 00, and it is not difficult to see that it is
impossible to choose the functions f, F and G in (3.14) to cancel the infinite term
in u® for all values of z. Hence u‘Y must certainly become infinite as z > co.

In order to construct the outer expansion, notice that it follows from the
theory of steady-state, two-dimensional, potential flows (Milne-Thomson 1962,
p- 194) that as z > o0

O+iY — (Oy+iE,) = z+afillnz+ (a+1b)2 " +i(e—ep) + 0(z72)],  (3.20)
where @, b and e are real constants and we have put E; = ae, in order to obtain
agreement with (2.15). Then, since |d(®+:¥)/dz|? = |v|?, this result can be
inserted into (2.14)-to obtain (once the integrations have been carried out and
(2.7) inserted into the result)

ouy _Guy _ _ i|lk| exp{ik.x —aRe {k(WV(z) — Wy)} — K, ]} + O (az, 3—6—)

ory Oxy 2|2

as z—>o,a—>0, O<argz<27. (3.21)
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where we have definedt the complex constant W, to be
W, = lim ®D(x,, z,) +te, as x, >o0 with x, finite. (3.22)

Equations (2.8) and (3.21) determine the velocity field at large distances from
the body. It is easy to verify that they are satisfied to within an error O(a?, «/|z|?)

by

uPt = — Tk—lexp {i[k.x —aRe {k(WO(z) — W)} — k, 1]} (lc2 +al’Re %;)
+[F(2) + 9 (Z)]exp (—tk,t),
2 (3.23)
Uyt = lkl —rexp{i[k.x—aRe {k(WV(z) - W)} — k, t]} ( —al'Im ]_c—z)

+i[F (2) — 9 (Z)] exp (— ik, t),

where # and ¥ are arbitrary analytic functions of their arguments. Substituting
this result into the momentum equation (2) (with only terms through O(xe)
retained) shows that the unsteady pressure can remain uniformly bounded as
z = oo only if there is a constant M such that

F=M[z+o0(z"") and ¥ =-M[z+o0(z7").

The pressure fluctuation will then behave like M exp (—1ik,t)tan=(y/x). But
since this function is discontinuous along some curve in the z, y plane, we can
satisfy the requirement that the pressure be continuous only by putting M = 0,
which implies that % = o(z7!) and & = o(z!) as |z| - co.

By using the results of appendix A to expand the inner solution (3.2) (for
large z) with u©@ given by (B 1) and u® given by (3.13)—(3.16), it can now be shown
that the inner and outer expansions of the velocity can be matched in some
intermediate domain only if u}, u% — 0 as |z| - co. However, it follows from the
momentum equation (2.2) that the inner and outer expansions for the pressure -
fluctuation will match only if the more severe requirement -

e e +(22) ] w0, = o[22 ~ (B2 o

2

as z—>o00 (3.24)
is imposed.

Homogeneous solution to the inner problem. 1t is now necessary to construct a
homogeneous solution u* that satisfies the boundary condition (3.24) at infinity
and causes ul [see (3.13)} to satisfy the boundary conditions (on the wake and
the airfoil surface) deduced in appendix C. We begin by constructing a formal
solution to this problem, which will subsequently be made uniformly valid. In
order to do this, it is first necessary to consider the singularities at the leading
and trailing edges. Thus, upon inserting (B 10) into the boundary condition (C 5)

T We have (in anticipation of the matching process) used the same symbol here as we
did for the arbitrary constant in the inner solution (3.15). Thus (3.22) now effectively
defines that constant.
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we find that the term — fd[z; AHu0(x,)]/dz, causes u{(z,) to behave like
(, +1)~¥ at the leading edge (x; = — 1) and like (z, — 1)~% at the trailing edge.
(It is assumed, of course, that the camber y,(x,) and thickness b(x,) go to zero fast
enough at the leading and trailing edges to ensure that no other singularities
occur in the boundary conditions (C5) and (C6).) These singularities can be
removed by putting

ull = u{’+ﬂ-‘%8(kl)Re {%z[l—- (z—_:—-%)%]},

i = ug_ﬂl%S(kl) Im {%z[l - (’::—i)%]}

(3.25)

where the branch cut is taken along the real axis from —1 to +1, S(k,) is the
(complex conjugatet) Sears function [see (B8)] and af is the airfoil angle of
attack. Since

Aull(z)) = Auf(z,), Aull(z,) = Aul(z,) for |zy] > 1, (3.26)
k d 1—z\%
Auf(ay) = M) + 2B 7 S(hs) - 24 (+2) } for _1<m<i
(ug (2)) = (ul(zy)) (3.27)

where {u,(z,)) denotes the average 3[u,(x;, + 0) +uy(x;, — 0)], and since

uf =ut+0(|z|?) as z- o, (3.28)

it is easy to see that, apart from eliminating the singular term in (C 5), u# satisfies
the same boundary conditions as u” (including the condition (3.24) at infinity).
More important, however, uff and u{! are themselves functions of the form (3.14)
wherein, in order to satisfy condition (3.24), we must put f(z,) equal to zero. Then,
since Au{(x,) = AuP(x,) = 0 for z; < — 1, it follows from (3.18), (3.24), (3.26)
and (3.28) and the theory of piecewise analytic functions (Gakhov 1966, p. 25)
that Lo Sufl(e) - idufl(z)

u{f—iu{f = 2—m ; 2 dxl, (3290)
- 1

ul —jull = dz, (3.29b)

1 fw AuTl(z)) —i AuF(z,)
-1

2m r,—2

for all z outside the cut —1 < ; < c0. By adding (or subtracting) the complex
conjugate of the second equation to the first, it is possible to calculate uf (or uf)
everywhere outside the strip —1 < 2; < 00 once Auff and Augf’ are known. The
required expressions for these quantities are given in appendix D [see (D 1)~(D 8)].
They relate Auf and Aul to the steady-flow solution, the geometry of the airfoil
and an arbitrary constant K.

K, is determined by the requirement that the solution should satisfy the
boundary condition (3.24) at infinity. Thus, by inserting (D 1) and (D 2) into

+ Notice that we are using the time dependence exp ( — ¢k, ) rather than the dependence
oxp (ik,t) used by Sears.
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circulation. calculating circulation.

(3.29) and integrating by parts, it can be shown that there exist constants @ and &
such that

ufl —ufl ~ dfz, u{i—i@fvg/z as z—>o00 for & <argz<2r—48 (3.30)

forany ¢ > 0. Hence the solutions (3.29) are indeed compatible with the boundary
condition (3.24). But it is easy to show that they will not satisfy this condition
unless

78 NP

f u#.ds = — "D~ kD,), (3.31)
Co Ikl

where C; is the large circle shown in figure 3, which can be deformed into the
contour shown in figure 4, so that
® inl —
f 1Au{‘l’(xl) dz, = l—kl-(kD_— kD). (3.32)
This result is used in appendix D to show that K is determined by (D 9).

The solution now satisfies all the equations and boundary conditions governing
the problem. Nevertheless, it is non-uniformly valid at the leading and trailing
edges because the second term on the right side of (3.25) causes the O(ae) term to
be more singular at these points than the O(e) (i.e. Sears) solution. This difficulty
can be overcome by using the method of matched asymptotic expansions. The
‘inner solution’ for a flat-plate airfoil is constructed in appendix E. However, this
result shows that the zeroth-order outer solution already possesses appropriate
singular behaviour at the leading edge and therefore that the non-uniformity
arises only because the singularity is not located at the right place. Thus, even
though the problem is elliptic, the method of strained co-ordinates (Van Dyke
1964, p. 100) can be used instead of the more complicated method of matched
asymptotic expansions. In fact, we use a modification of the usual procedure
suggested by Pritulo (1962; see Van Dyke 1964, pp. 72 and 73). Thus, substituting
(8.15), (8.17) and (B 14) into expansion (3.2), introducing the ‘slightly strained’
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co-ordinate % = £, + £, = 2/(1 —iaf) into the result, and re-expanding for small
afy yieldst

Uy, = ©XP (—iky t) (UD(E,,E0) + auly(§), &) + aufl (£, &) + aﬂDg Su(£,, &)

—aﬂl%S(kl) Re {i‘"*l) [1 - (%—_'—_—i) 11,]}) +0(2? for n=1,2, (3.33)

where D, = £,0[08,— £, 0[0&,, (3.34)

and the O(a) terms are now no more singular than u®(§,, £,) at 7 = + 1 (or any
other point). The quantities %, and u, still denote components of u along the 2,
and z, co-ordinate axes. They are related to the components u; and u; along the
£ and &, axes (figure 2) by

uy(£1, o) = uy(&y, &) —xfexp (—ikyt) u (&, &) + 0(“2),}

3.35
WyEps £a) = uglEy, £9) + B oxp (—iky 1) ud(Ey, £9) + O(ct). (3.35)

3.2. Discussion of solution

The solution to the problem is now complete. The velocity field in the outer
region can be calculated from (3.24), while the velocity in the inner region is
determined by (3.33) with u® and ®u® given in appendix B, u® given by (3.15)
and uf given by (3.29) and (D 1)-(D 10). Of course, we cannot evaluate the
integrals in these formulae until the geometry of the airfoil and the steady-state
potential flow solution are specified. This will eventually be done for a flat-plate
airfoil at an angle of attack to the mean flow.

Equations (3.15) and (3.16) show that the O(ae) particular solution is propor-
tional to k as k — oo, while the results of appendix B show that the O(¢) particular
solution is proportional to £°. Hence the expansion in « is actually an expansion
in powers of ak and as such is certainly not uniformly valid in frequency space.
However, this behaviour does indicate that the steady flow will have its greatest
influence on the fluctuating lift at higher reduced frequencies. (Of course com-
pressibility effects will invalidate the entire solution when k becomes too large.)

Aslong as the thickness b(z,) and mean camber line y,(z,) (figure 2) vanish at a
reasonable rate when z, approaches + 1, the present result will be uniformly
valid in all regions of the z,, z, plane. But in order to achieve this uniformity, we
have had to strain the solutions at the leading and trailing edges. An important
consequence of this straining is a change in the apparent orientation of the airfoil.
A similar effect occurs in steady-airfoil theory. But in that case a uniformly valid
expansion can be obtained simply by solving the problem in the proper (airfoil
aligned) co-ordinate system. In the present case this procedure would lead to a
divergent integral for the part of the velocity induced by the wake.

We have already indicated that the steady-state velocity field influences the
wavelength of the incident vorticity wave while leaving its amplitude unchanged.
But the particular solution shows that the amplitude and direction as well as the
wavelength of the associated velocity field are altered by the steady flow. Indeed,

t Of course, we understand that ¥(£,, £,) and %®(z,, x,) are identical functions of their
respective arguments; i.e. if ¥®(2,, 2;) = ax; + 2%, then uP(£), £,) = af, + &},
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(3.23) shows that at large distances from the airfoil the change in amplitude of the

unsteady vortical velocity field is proportional to the steady circulation about the

airfoil. This result is a reflexion of the fact that the steady lift produces the slowest

decaying part of the potential flow about the airfoil (although the numerical

calculations show that most of the distortion occurs in the vicinity of the airfoil).
It follows from (2.3) and (3.23) that the far-field gust velocity is

{ - T]Zkz exp {i[k. X —a Re{k(W® — W)} — ky 1},
G‘UTllcl exp{i[k.x—aRe {k(WO—-W,)} - klt]}} , (3.36)

which in the case of a lifting airfoil differs from the gust

{—‘l"‘gkzexpi{i(k.x—klt)}, e—li—;clexp{i(k.x—klt)}} (3.37)

that is imposed in the strictly linear (Sears) problem. In the present case the
perturbation potential W®(z) behaveslike In |x| asx — 0o, and hence its contribu-
tion to the exponent in (3.36) cannot be neglected no matter how small « may be.
Far from the airfoil, where the ‘scattered’ part of the unsteady velocity goes to
zero and only the gust remains, the latter quantity must itself satisfy equations of
continuity and momentum that are linearized about the steady potential flow.
However, this flow disturbs the region at infinity enough that the solutions of
these equations are of the type (3.36) rather than of the type (3.37). The gust
(3.36) differs from the gust (3.37) in that the former is frozen relative to an
observer moving along the steady-state potential flow streamlines with a speed U,
while the latter is frozen with respect to an observer moving along the real axis
with this speed.

The components of the amplitude A = {—k,eU/|k|, k,eU/|k|} of these gusts
are not independent because the associated velocity field satisfies the continuity
equation only when the transverse wave condition A.k = 0 holds.

4. Fluctuating lift
4.1. General formulae

In most applications it is necessary to know the net fluctuating lift caused by the
gust. In order to determine this quantity, we first calculate the fluctuating
pressure force pi,; on the upper/lower surface. If we introduce the expansion

p" = exp (—1ky 8) [p(E) + apD(E) +...] (4.1)
of the pressure fluctuation in the & = {£,,£,} co-ordinate system, pZ_; can be

written as [(2.4) and figure 2]

Piat = cexp (—ikit) (P0G 0)+a |29, £0)+ (w23)(%) |+ O(Z:)l;
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After (2.3), (2.4), (3.1), (3.33), (3.835) and (4.1) have been inserted into the momen-
tum equation (2.2) and (C 3), (B 1), (B 2) and (B 14) have been used to simplify the
results, equating the £, component of the O(e) terms yields

(3}3(0)/3§2)52=i0 =0 for |g1[ <1, (4.3)
while equating the £; component of the O(xe) terms yields

| A9 — exp 64, 6) A ) + (D ATUP &) | - phexp ik, 6) AU
= (ikl g)[Au”(gl)+AuH (€)] for |&,| < 1. (4.4)

Hence L’, the net fluctuating lift per unit span acting on the airfoil, can be
written in the form

L' f4pcU? = (Lg|4pcU%) + a(Ly] 1 pcUae), (4.5)
where (2Lg[cpU?%) exp (ik, 1) f ApO(E,) dE,

is the usual linearized response function (i.e. the Sears function), and the O(ex)
contribution to the lift is given by

L . 1w
$pcU%ae = —exp( —“Clt)f_1 APD(E,) dE,. (4.6)

In order to evaluate this integral, we first note that the steady-state circulation
around the airfoil is just equal to

= 2_117 ilAv(ll)(xl)dxl, (4.7)
that the condition that v.i be zero on the surface of the airfoil implies that
Avy) = db|dx,, and that the imposition of the Kutta condition at the trailing edge
(for both steady and unsteady flows) implies that Av{P(1) = ApP(1) = 0. Then,
using (4.4) to eliminate AF? in (4.6), integrating by parts and inserting (3.15),
(3.16) and (3.12), and integrating by parts again and using (3.13), (3.19), (D 1),
(B 4) and the first part of (D 10) to simplify the results yields

!

L NI . p—
TepUtae = exp (—tk,?) lf_ [1+dk, (2, — 1)] Auf(2;) dy ~ (y* D, —y _)}
+exP("1k t) ” (WP () AHUP(2,) dae,

; — [
- f exp (thyxy) (1 + ) b(z,) dzxy + Z—kl— (kD++kD”)f b(z,) dxl},
%] J -1 2 [k| -1
(4.8)
1 -
where yt = 2—l1k—|f [(x, — 1) kky + k] Avi(2,) d;. (4.9)
-1
The fluctuating lift can now be calculated by substituting (D 8) into (4.8) and
carrying out the integration. This cannot be done explicitly without first intro-

ducing a specific formula for the steady flow, but it is possible to reduce the
48 FLM 74
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multiple integrals to a single quadrature by interchanging the order of integration
and integrating by parts. While the resulting formulae are quite complicated in
the general case, they simplify enormously when the airfoil thickness is put equal
to zero. Unfortunately, because of the coupling that results from the distortion
of the incident gust by the steady-state potential flow, it is not possible, as it is in
the case of linearized steady flow, to superpose the effects of thickness, camber
and angle of attack. However, airfoil thickness probably has only an unimportant
influence on the unsteady lift and will not be considered further.

4.2. Airfoil with zero thickness

In order to obtain a specific formula for the fluctuating lift on a zero-thickness
airfoil, we first substitute (D 8) into (4.8) and use (F 1) and (F 2) to simplify the
results. We then interchange the order of integration, evaluate the inner integrals
[with the aid of (F 5)], and use (D 10) [in which one of the integrations can be
performed by virtue of (F2)] to eliminate K,. Finally, after some additional
rearrangement [with the aid of (F 3) and (F 4)], we find that

gc—fvl—%-e = 2exp (—ik,?) [—”Ti‘kl (D,-D.)

1

+ iklfil (1—=,) By(z,) do, — O(kl)J‘ By(,) dxl] , (4.10)

-1
where O(ky) = HP(k))[[HP(ky) — iH ()] (4.11)

is the (complex conjugate) Theodorsen function (Theodorsen 1935),

R ) (1+x1

o=\,
5 (%;) = I-ceXP ( = zkxl) UI (vP(z)) exp ( + ﬂcﬁ) dz,
2 2 o 2

+Du| " (oPay)yexp ( ¥ '-]32955) dxl] (4.13)
F oo

3 -
) {klexp(iklxl)Rekaﬁ;f;l[qJ(xo—qo-(xl)]}, (4.12)

and ag = {WD(x;)> ~W,. (4.14)

a, is determined both by the value (W®(z,)) of (W®(x,)) at the essentially
arbitrary point z, = z,, where the surface of the airfoil crosses the x; axis, and by
the difference between the arbitrary constant used to set the level of the imaginary
part of W® and the arbitrary constant e,.

In most cases it is probably necessary to evaluate the integrals in (4.10)—(4.13)
numerically. Fortunately, there are a large number of interesting shapes for
which they can be expressed in terms of known functions. In fact, for a flat-plate
airfoil at an angle of attack to the flow, they can be expressed in terms of the

combinations
Ji(z) = Jy(2) £34(2), Hi(z) = HP(2) F iHP(2) (4.15)

of Bessel and Hankel functions. Since this configuration is completely charac-
terized by its angle of attack, we can suppose that the expansion parameter « is
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equal to this quantity and put g = 1 (figure 2). Then the complex-conjugate
steady-flow velocity perturbation {® is given by (Jones & Cohen 1957)

—1\%
= o0 g = 5| 1 (2 4.16
g i [ Z[ (Z+1) :la ( )

where the branch cut of the square root is taken from —1 to + 1 along the real
axis. Inserting this into (4.10) by way of (4.12) and (4.13), carrying out the
integrations, and rearranging with the aid of (B 9) yields

L _aexp(—ik;?) ( 4k1k2)
0T~ S (] (et ) 5

ro.)-o- sown (-2) om

A (?) = imz?Re {H.(2) J:(z)},

;Zh(@) T Re {Jx(z) He(2)} F J(2) (4.18)
Ju(z) )

where we have put

@i(z) =

This solution is valid only for positive values of k,. By modifying the analysis
given above, it is possible to show that the relation L;(k,, — k,) = — L;(ky, k5) can
be used to extend it to negative values. However, it is much easier to establish
this result from symmetry arguments.

4.3. Discussion of flat-plate results

Equation (4.8) can be used to determine the unsteady force acting on an airfoil
of any shape, but the calculation will usually involve quadratures. We have
succeeded, however, in expressing the fluctuating lift for a flat-plate airfoil
entirely in terms of Bessel functions. The result is given by (4.17).

It follows from (4.14) that the first term in this equation,

— ik, ||~ exp (— ik, 1) Re (b WO(zy)) — Ty}, (4.19)
is simply a correction to the linear (Sears) solution,
L, k& .
pUEel)r |—k—|exp (— ik, t) S(ky), (4.20)

for the constant phase factor introduced into the gust (3.36) by the arbitrary
choice of level of the steady-state complex potential function W® relative to the
constant ¢, = Im W, and by the choice of the precise (i.e. correct to O(e)) vertical
loeation of the airfoil. In fact, it is not hard to show [by integrating (4.17)] that
(WD(20)y — Wy = (g +€—ey), where e is the constant that was introduced in
expansion (3.20) of the steady-state potential and z, is the value of 2; where the
airfoil crosses the real axis. Hence this term vanishes when e, is put equal to
e+ ,, and in what follows we shall always assume this has been done. Then (3.20)
and (3.22) imply that

WO W, = iln |x| —izy+ O(|x|1) as z; - 0 with @, finite. ~ (4.21)
48-2
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Since azx, is the height x, of the centre of the airfoil above the real axis, the
exponents in (3.36) become

i[ky(2y — 8) + ky(wy — ) + aky In || + O(|X(|~1)] a8 o, > — 00 with z, finite.
(4.22)

Thus neglecting the first term in (4.17) amounts to nothing more than referencing
the phase of the gust to the vertical position of the centre of the airfoil.

Since elimination of the secular behaviour at the leading and trailing edges has
caused the O(c) pressure distribution to be rotated into the plane of the airfoil,
there will be an unsteady drag force of order ae. This result should be compared
with those of Glauert (1929) and Jones (1957) for the unsteady motion of a thin
airfoil, in which the drag is O(e?).

An O(ae) correction to the Sears formula was obtained by Horlock (1968), who
adopted a more-or-less heuristic approach to the problem. His result can be
shown to consist of a correction to the Sears function due to the orientation of the
gust relative to the airfoil plus a term (in the present notation)

—atky || L exp (—ik;t) [y(y) — iy ()], (4.23)

which arises from the inertia contribution v{*(z,, + 0) 4 (x,, + 0) to the pressure
force in (4.4). But our analysis shows that this term is exactly cancelled by one
that enters the formula for the lift through the particular solution u? and can
therefore be attributed to the distortion of the gust by the steady-state potential
flow field (an effect not accounted for by Horlock). Thus (4.17) differs considerably
from the results obtained by Horlock. We should emphasize again that the
present analysis is a systematic (‘exact’) theory that accounts for all O(xe) terms,
including those associated with the distortion of the gust by the steady-state
potential flow field of the airfoil. It shows that this gust distortion effect has a
strong influence on the behaviour of the response function.

If k,is allowed to approach zero while k, is held fixed, so that only the upwash
component of the gust velocity remains, L; will vanish and the fluctuating lift
will be completely determined by the Sears function. Horlock’s expression for the
lift also vanishes when the chordwise gust velocity goes to zero. But unlike his
result, (4¢.17) depends on both the axial and the transverse wavenumber k&, and k,
and not just on the axial wavenumber k;. Thus the present analysis not only
exhibits the effects of gust distortion on the response function, but also shows
for the first time how this function is influenced by the wavenumber in the
direction perpendicular to the plane of the airfoil.

We first consider the low frequency limit, wherein &, and &, both go to zero.
Since A +(z) > 0and OQ4(z) > Ftasz—> 0and S(k,) > C(k) > 1 as k, > 0, it follows

that
LifepU(eU)m ~ —4akilof|k]® as Ky, ky— 0. (4.24)

This at first glance appears to be a surprising result since in the quasi-steady
approximation the fluctuating lift is given by

L s JepeUm = uy + 20u,, (4.25)
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so that if we simply take u, and u, to be the disturbance velocities — k,/|k| and
k,/|k| atinfinity, we find that the O() contribution should be — 2k,/|k|. However,
(3.15) and (3.16) show that the average upwash velocity (uf(x,)) induced at a
finite point x; of the real axis by the O(a) contribution to the particular solution is

WO(z +430) + WO(x— i())]}
2 2

T [0+ ) —I'—,’jllexp (k) Re {k[
(4.26)

where g+ are given by (D 7). Upon evaluating the integrals for the case of a flat-
plate airfoil, we find that the term i[¢*+(x,)+g—(w,)]/|k| does not vanish in the
limit as k, and %, approach zero but behaves like

AEDRETD.

The second term of this expression arises from the portion of the particular
solution that does not match the incoming gust at infinity (and is cancelled out
by the requirement that the homogeneous solution satisfy the boundary condi-
tion (3.24)). Hence only the first term, which can be written as

2k, || — 413 ke | K2, (4.28)

is actually associated with oncoming gust. Thus the net upwash velocity that this
gust induces at the airfoil is not given by k,/|k| but by

k, (2](:2 k3 kz)
Uy = L ta |z —42). (4.29)
R A\ S
When this is inserted (together with u, = —k,/|k| +O(a)) into (4.25), we do

indeed recover (4.24). This result is a consequence of the non-uniform limit
lim lim %, lim lim u,. (4.30)
[x|>0 |K[—0 |k|>0 [x|—>c0
Physically, it implies that the steady-state potential flow field decays so slowly
that the gust arriving at the airfoil surface always suffers a certain limiting
amount of distortion in its upwash velocity no matter how long its wavelength is.
Now consider the high frequency limit, wherein k — co, with k, > 0. Then,
since it follows from the asymptotic behaviour of the Bessel functions that

Hu(z) ~ —i (%)%exp [i (z—’z’)“u + 1)+§Ié(3¢ 1)]

—o0, (4.31)
Ji(z) ~ (—2—)*exp [ ) (z—z)]
2 - 4
we find that
Re{Ji(z) Hi(2)} = O(z"%) as z->00, (4.32)
and as a result that _
O ~ (kfk)texp (Fik,). (4.33)
H L} . kik, . _
ence = 2ta 5= exp (tk,) +O(k™t) as k—oo. (4.34)

epUel)m [k|?
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Figure 5. Response function for flat-plate airfoil. (@) 0 < k, < 1. ——, by = 0:2; ———,
ky=04; —-—, k, =06; —--—, by =08; ——, k;=10. b) 1 <k, <b5 —,

by = 1:0; ———, ky = 3:0; —-—, kp = 5.

Thus, if £, - oo with &, held fixed or if k, — oo with &, held fixed, the lift fluctua-
tion will have a k1 decay rate, which is faster than the k% decay of the O(e)
(Sears) lift fluctuation Ly. Hence the effects of the steady flow on the lift become
less important.

However, L{ does not decay at all when %, and k, are allowed to approach
infinity at the same rate, so that the steady-state potential flow has its greatest
effect on the fluctuating lift at higher frequencies. Of course, L; will eventually
become larger than the O(e) contribution L; (no matter how small « is), and the
expansion will be invalid.
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The dimensionless response function
R = Liexp (tkyt)[[mcpU(eU) ] (4.35)

[calculated from (4.17)] is plotted in figure 5. The curves simply show that this
function varies smoothly between the various limits that were discussed above.

The authors would like to thank Professor W. R. Sears for his encouragement
during the course of this work.

Appendix A

Here we obtain asymptoticexpansions of o4 (z)as z—0c0. Suppose that z is large.
Then, owing to the analyticity of its integrand, it is always possible to choose the
path of integration in (3.2) such that {®(z) can be replaced by its asymptotic value
il'[z. Consequently B

Hi(z) ~ iI‘f E-1-(-1)—(3—%132—2& as z-> o0, (A1)
Fao

These quantities differ from exponential integrals only in the location of the
branch cuts and their asymptotic expansions can be found by using the pro-
cedures developed for these integrals. Thus, for example, by combining the
method used in §3.2, p. 32 ,of Lebedev (1965) with that used in exercise 6, p. 41,
of that reference, it is easy to show that

H () ~ (2T [kz)exp (}ikz) for O < argz < 277,} (A2)
H_(z) ~(—2T/kz)exp (—4ikz) for |argz| < m.
Appendix B

Here we list and in some cases develop further certain properties of the O(e)
(linear) solution that are needed for the present analysis. This (Sears 1941) solu-
tion is the superposition

u® = _(ikz_jkl) lkl—leik.x+Hu(0) (B 1)
of the linear gust (3.37) and a homogeneous solution #u® that decays like z-2

(since it has zero circulation) as z — co. The components of Hu® satisfy the
Cauchy-Riemann equations

PHy®  PHy® PHYD  JHy®
oz, 0%y © Tow,  oxy 0, (B2)
with the x;, component having the odd symmetry
Uz, +0) = —HuP(ay, ~0) (B3)
along the real axis. The jump in this component across the wake is given by
AHyP = f—lfll Qqexp[ik,(z,—1)] for 1< x; < o0, (B4)
2k, Hy© 4k, : Jo(key) + 3, (k1) ]
— = (1) = —
where 7] Qo = AHyP(1) 7] exp (tk;) TO() — HP(e) | (B5)
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and the J’s and H’s denote the usual Bessel and Hankel functions. Its jump across
the airfoil is related to the corresponding pressure jump by

. d d
(=it g ) ) = — - Ay (B6)

1 1
and satisfies the zero-circulation condition

1
iklf AHEYO ) dxy = 2ke; Qof | K] (B7)
-1
Since Ap@ is related to the complex-conjugate Sears function
ky) = (Jimky[HP (ky) — i HP (k) 1 (B8)
2k 1—xz\3
0 — 1 1
by apo = T (k) () (B9)
(B 6) can be integrated with the aid of (B 7) to show with the aid of (B 3) that
HyMz,, +0) = + 4[h,(x,) +hp(z,)] for —1<a2, <1, (B 10)
_ 2k | A
= 1
where h(xy) ‘kl S(k)(1+x) (B11)
has a square-root singularity at 2; = — 1 and

2k, . .
Inl@y) = W[Q oxp [iky(t, — 1))+ iky S() exp (iky ;)
Xy . 1—z 3
xfl exp( —~zk1xl)(-i—_'_—xi) dxl] (B 12)
remains bounded at both ends. In fact, (B 12) takes on the values
by(—1) =0, hy(1) = 2k, |k|-1 L, (B 13)

at these two points. Hence it follows that u® can be written as

u(o)=bu(0)+'—];c—1'S(kl)[iRe{—i(Z;i): §Im { (Z:)é}] (B 14)

where u® is bounded and satisfies the Cauchy-Riemann equations (B 2).

Appendix C

Here we develop the linearized boundary conditions which hold on the airfoil
and across the wake. Our method for identifying the airfoil and wake surfaces is
shown in figure 2. The location of the latter is unknown at this stage of the
development, but to the order of approximation of the analysis it can be charac-
terized by a function whose general form is indicated in figure 2. Then, as is well
known from the theory of unsteady inviscid flows, the boundary condition (2.16)

is equivalent to
u d(af t)fde, = u, for wx,=f%, (C1)

while the velocities V+ just above and below the wake must satisfy

(§t+ Vi 33 )(ag+e§+ae§) = V§. (C2)
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As is usual in thin-airfoil theory, we ‘transfer’ the boundary conditions onto
the real (z,) axis by assuming that the various quantities can be expanded in a
Taylor series about z, = 0. Performing this expansion in (C1), inserting (3.2),
equating to zero the coefficients of like powers of & and using (B 1) and (B 2) (to
eliminate »{) yields

uPMx;, +0)=0 for —1<a,<1 (C3)

and uP(x,, +0) = d[flz,) uP(2y, £0))fdx, for —1<a <1 (C4)

The f’s can be expressed in terms of the mean camber acyc(xl) the angle of attack
af and the thickness ab(x;) by the relation fi(z,) = y.(x,) — Bz, + }b(x,), which,
together with (B 1) and (B 3), allows us to replace (C 4) by

M) = - (1len) — B ATuPa) ~ bl exp i) for [ < 1.
|k| (C5)

d REAJR
Cugd(2y)) = =, {|k| [Bx, —y (x,)] exp (ik, 2,) + 41 AHu(l)(xl); for |z| < 1(_06)

Carrying out the Taylor series expansions in each term of (C 2), inserting (3.1),
(3.2), (B 1) and (B 2), subtracting the results and equating to zero the coefficients
of like powers of a and ¢ yields

Aud(x,) =0 for 1<, < (c7
and
AuP(z,) = f]fll {‘I’Cl 7, 0)exp [sky(z,—1)]} for 1<z, < o0,
(C8)
where we have used the result that g(x,) = — ¥®(x,, 0) (along with the convention

that the zero steady-state flow streamline coincides with the stagnation
streamline).

It is also necessary to ensure that the pressure is continuous across the wake.
To this end we insert the expansions (2.3), (2.4), (3.1) and (3.2) into the momentum
equation (2.2) and equate to zero the coefficients of like powers of & and e to obtain

lop, @ — @_(.?= (ikl 3)

©
adx, ox, :’ ox, w2 (C9)

Then, after expanding the pressure on either side of the wake about x, = 0 and
inserting (2.4) and (3.2), we find [in view of (C 7)] that the pressure will be con-
tinuous across the wake only if Ap®(x,) = ApW(x;) = 0 for 1 < x; < 0. Using
these relations together with the expansions (2.3), (2.4), (3.1) and (3.2) in the
momentum equation (2.2) now yields

(=it + ) M) = = 7 (e, 0 AP, (©10)

since (B1) and (B2) now show that A(0u{’[ox,),_o =0 across the wake.
Upon solving this first-order differential equation, using (B1) and (B4),
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integrating the results by parts and using the fact that P = 20®[ex,, we find

thatt
Aud(z,) = _ 29y -i{[(b(l) (zy, 0) + Kyl exp [iky (2, — 1)]} for 1<z, <00,

k[ oy (©11)
where K, is an arbitrary constant of integration.

Appendix D

Here we use some of the techniques of unsteady thin-airfoil theory to deduce
expressions for Au’ and Aufl across the airfoil and its wake. It follows from
inserting (3.12), (3.13), (3.15), (8.16), (3.19) and (3.25)—(3.27) into the boundary
conditions (C 5), (C8) and (C11) and then using (B 1) and (B 10) that

Aufl(zy) = |2:|1 {[d)(l’(xl, 0)+ K,lexp [tky(x,— 1)]} for 1<z, <oo,
(D1)
() = — T Qu - (¥, 0)exp ik (o, — 1]+ Tl oxp (k) Re (6 AWV}
for 1<z <o (D2)
and

Aufl(2)) = Ikl [r(zy) +7_(21)] + l leXP (ki) Re {kAW(l)(xl)}

~ T 2 Ble) exp ik, 23)) + 7 1) AT )

—ﬂ;,;l[xlhml)] for —1<a <1, D3

where
2 2% -
rafey) = & oxp (4 Jikz) [ f AL(a,) oxp ( + §ike,) dry
-1
~D; f " ALz, exp(F %ikxndxl], (D4)
-1

ky(x,) is given by (B 12) and K, has been replaced by the new arbitrary constant
K,. Hence the homogeneous solutions %} and 4§’ can be calculated once the jump
Aufl(z,) in the range — 1 < z, < 1 and the constant K; are known. In order to
determine the former, we use the Plemelj formulae (Gakhov 1966, p. 25) to take
the limiting values of (3.29) as z approaches the real axis, subtract the complex
conjugate of the result obtained from (3.2956) from that obtained from (3.29a),
and then use the boundary condition (C 6) [with (3.13) and (3.15)—(3.17) inserted]
to eliminate uff (;) from the ensuing expression. This yields

R(z,) = 1 P 1 Auw(#) %, — ky Qy (= d{[DV(E,, 0) + K] exp [ihy (%, — 1)]}/dZ,
2m

-1 &~z ”|k| & -z

xd# for —1<z <1, (D5)

+ In the steady-flow solution @@ ig discontinuous across the wake, but we do not bother
here to distinguish between ®®)(z, + 0, 0) and @A)z, —0, 0) since they differ only by a
constant that can always be absorbed into the arbitrary constant K.



Unsteady flow about an airfoil 763

where

R(es) = = -{lln) = B exp iy )} 7 o) A
_I_;:CT [+ () +q (@] + lkl exp (ik, 2,) Re {k[{ WPz, ) — W1}, (D6)
with

at(e) = exp (+ dikey)| [ @) exp (& difim) iz,
-0 [ @Owpexp(F ik dn | ©7)
Fowo

Equation (D 5) possesses a whole family of solutions (Gakhov 1966, p. 428).
However, the Kutta condition requires that the velocity jump Au¥(%,) remain
finite at the trailing edge. The only solution with this property is

2 (1—x 3 U (1+&\t R&E,) .. k, Q[ f1+1)i
st =~ (52) (2, (F52) acnaa) ), (B5
< (d{[(])(l) %), 0) + K,] exp [ik,(%, — 1)]}/dZ,

Ty —a

)di:l for —1 <z, <1. (D8)

In order to determine the constant K, we first insert (D 1) into (3.32). In
performing the indicated integration, we follow the procedure used in linear
theory and assume that &, has a small positive imaginary part that we can put
equal to zero after the integrations are carried out. Then

1 r
AuH(z,) da, = —217 ?°[c1><1>(1 0)+K,]- T;CI
-1
Hence, upon integrating both sides of (D 8) and interchanging the order of
integration, we find that K, is determined by

(kD,—kD_). (DY)

1 N
—% f_lAuf’(xl)dxl kl |°[<D(1>(1 0)+K1]+Z|7;CI; (kD, — kD)
AR A kQ x; +1\} d
- [ ) e S | (25) -1z
x {[®DV(z,, 0) + K,]exp [ik,(x, — 1)] }dz,. (D 10)

Appendix E

Here we investigate the unsteady flow in the vicinity of the leading edge of a
flat plate. The (non-linearized) steady-flow velocity {* about a flat plate of unit
length at an angle of attack «, to an oncoming stream is

—1\%
= |U,| [cosao—i(z+1) sinao], (E1)

where U, is the free-stream velocity, the circulation is adjusted to satisfy the
Kutta condition at the trailing edge, and 9 = £, + £, denotes a co-ordinate system
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Figuzk 6. Co-ordinate system for flat-plate airfoil.

aligned with the plate as shown in figure 6. In the vicinity of the leading edge
(i.e. for 9 near — 1), this becomes

%
&~ U (;7-%—1) sin o, (E2)

Now suppose that the flow in this region is unsteady. We cannot, in general,
linearize the velocity about the mean flow; but we can neglect its derivatives with
respect to time in comparison with spatial derivatives. (That is, we can treat the
flow as quasi-steady in this region.) Thus the velocity will be given by (E 2) with
oy and U, taken to be the effective instantaneous angle of attack and free-stream
velocity. As a result, there exist constants a® and a® (which depend on k, and k,
and which can be determined by matching with the outer solution) such that

U, =1 +eexp (—ik,t) [a© + aa®] + o(ae) (E3)
and oy = a+eexp(—ik,t) [a® + aad] + o(ce). (E4)

Hence, when terms that are clearly of higher order in « and € are neglected, (1£2)
becomes

L~ (%)*(a+eeXP(—ik1t) {a‘zm+ot[a(2n+a(1°)]}). (E5)

The first term a2i/(y+1)} is just the linearized steady-flow solution. The
constant a can clearly be adjusted such that the second term

cexp (—ik,t) a2t /(n + 1)}
will match with the dominant term of the zeroth-order solution to within an

error O(ae) (since 7 = 2+ 0(a)). The last term is the O(ae) correction for the
unsteady solution.

Appendix F

Here we list certain properties of the linearized approximation to the steady-
flow velocity field around a zero-thickness airfoil. The axial velocity possesses the
odd symmetry

vz, +0) = —(x;, =0) for —oc0 <z <0 (F1)
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across the real axis, so that »{0(z;) must vanish ahead of and behind the airfoil
(where Av{l(z,) = 0). Hence ®M(z;, 0) must be constant along the wake, so that

DD(z,,0) = ®D(1,0) for 1 <x; <c0. (F2)

On the surface of the airfoil,
(WD(,)y = @y +iFD = do—zf (o)) dx, for |z < 1, (F3)
where d, = (W®(x,)) is the value of (W®(z,)> at the point where the airfoil

crosses the real axis. Moreover, the average upwash velocity is related to the
shape of the airfoil by

@) = yolay) = for —1<z <1, (F4)
while the tangential velocity is related to the average upwash velocity by
21—\t [ [14+F §<v(1)x ) o x
Wy _2{ "% 1 1
Aoe) (1‘*‘751) f (1“751) & —x % (¥5)
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